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Theoretical Investigations of a Supersonic
Laminar Boundary Layer With Foreign-Gas

Injection1

STEVEN I. FREEDMAN* JOHN R. RADBILL** JOSEPH KAYE{

Summary
The phenomena arising from the uniform injection of helium,

air, argon, and iodine into the laminar boundary layer of a super-
sonic stream of air in a tube were investigated theoretically.
The partial differential equations describing the energy, mass,
and momentum transfers through the boundary layer were ob-
tained, and a series solution was found for the case of uniform
injection through the tube wall. The results of the analysis are
in the form of axial distributions of wall temperature and re-
covery factor and of radial distribution of concentration, ve-
locity, static, and stagnation temperatures. The gas mixture
was assumed to be a perfect gas. Properties of the mixture were
calculated in accordance with the Gibbs-Dalton rule and the
mixing rules based on the kinetic theory o" dilute gases. Trans-
port properties for pure air were taken from the N.B.S. tabula-
tions. Transport properties for the other gases were calculated
by kinetic-theory methods, employing a Lennard-Jones 6-12
model for the interaction potential. The theoretical predictions
for the recovery factor along the tube with air or argon injection
agree with experimental data to within one percent. The
theoretical predictions for helium injection indicate an 8-percent
rise in the recovery factor along the tube, while experiments
have shown only a 1-percent rise. These differences between
theory and experiment are attributed to inaccuracies in the ap-
proximations to the transport properties of the binary mixtures.

Symbols
A = coefficient in series for core density
a = tube radius
B = coefficient in series for pressure
c = mass concentration
cp = specific heat
D = diffusion coefficient
d — coefficient in series for pD/T
f = coefficient in stream function series
g = coefficient in concentration series
k = ratio of specific heats
M = Mach number
p = pressure
Pr = Prandtl number
R = gas constant
Re = Reynolds number
r = radial coordinate
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Sc = Schmidt number
T = temperature
t = coefficient in temperature series
u = radial velocity
V = speed
W = axial velocity at tube entrance
w = axial velocity
z = axial coordinate
7 = coefficients in core velocity series
£ = modified Reynolds number
77 = wall distance parameter
6 = coefficient in temperature series
X = thermal conductivity
M = viscosity
p = density
if/ = stream function

Subscripts
c — core quantity
D — based on diameter
I = injection condition
0 = entrance value
w = wall quantity
1,2,3 = order of terms in series
1,2 = species 1 and 2
12 = ratio of properties of species 1 to species 2

Introduction

RECENT DEVELOPMENTS in hypersonic flow have
shown the severity of aerodynamic heating,

wherein high temperatures are encountered in stagna-
tion regions and regions of high rates of shear. Among
the various methods proposed for the alleviation of
these high-surface temperatures is one based on the
injection of gas through the surface into the fluid.
The injected gas, in addition to cooling by absorbing
energy during phase changes and by being heated from
a low-storage temperature to the surface temperature,
affects the mechanisms of viscous dissipation and heat
conduction in the boundary layer. In this paper the
laminar supersonic boundary layer will be examined
for the case of uniform injection of various gases. The
present investigation differs from previous work be-
cause of the physical boundary condition of the uni-
form injection rate. The uniform injection rate case
does not possess a similarity transformation, conse-
quently the extensive results of similarity investiga-
tions are inapplicable. Theoretical solutions are pre-
sented for flow in a tube with a pressure gradient, de-
termined by the closing of the boundary layer in the
tube. This physical situation was chosen in order to
have a model for comparison with experiments, which
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FIG. 1. Model for tube flow.

are being reported separately, by Gouse, Brown, and
Kaye.1

Consider the supersonic flow of air in the entrance
region of the tube shown in Fig. 1. Such a flow may
be achieved by a supersonic nozzle followed by con-
trolled boundary-layer suction. A gas is continuously
injected uniformly through the porous wall into the
supersonic stream.

Assumptions
(1) The boundary-layer approximations to the

Navier-Stokes equations suffice to predict the flow in
the entrance region of a tube.

(2) Laminar flow exists in the boundary layer, and
isen tropic flow in the core.

(3) The flow is steady, axisymmetric, and with no
azimuthal flow.

(4) The perfect gas and the Gibbs-Dalton rules
adequately describe the thermodynamic properties.

(5) The Chapman-Enskog method of obtaining the
transport properties of a dilute gas is valid.

(6) The second coefficient of viscosity is negligible.
(7) The thermal diffusion effect and other higher

order coupled effects are negligible.
(8) The Prandtl and Schmidt numbers are of the

order unity.
(9) Radiation within the gas is negligible.
(10) The tube is of constant cross-sectional area and

of a porous, nonconducting material.
(11) The injection velocity is radial and is suffi-

ciently large so that the air in the tube does not diffuse
through the pores.

Analysis

The desired solution describes the flow in terms of the
radial and axial profiles of velocity, temperature, pres-
sure, and concentration of foreign gas. In particular,
we seek to determine the effect of gas injection on the
adiabatic wall temperature as a function of the mass
flux of injected gas and other pertinent variables.

The following set of boundary-layer equations, in
terms of the dimensionless physical variables, have

been obtained by Radbill2 by performing an order of
magnitude examination of the Navier-Stokes equations
expressed in cylindrical coordinates. Eqs. (1-5) de-
scribe the flow in the boundary layer in Fig. 1.
Overall continuity
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Equation of state

p = pRT (6)

Eq. (7) expresses the condition that the flow in the
central part of the tube be isentropic.

Pc/P« = (7)

The solution to Eqs. (l)-(5) must satisfy the physical
conditions at the wall and match the isentropic core
condition.

The dimensionless variables were obtained by
dividing the values of the variables by their value in the
free stream at the entrance to the tube. The pressure
being divided by (pW2)Q, the free-stream temperature
was 56.5 °K.
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Method of Solution
Transformation to Ordinary Differential Equations

A stream function. \l/, is introduced which identically
satisfies Eq. (1)

pur = — pwr = (8)
Eq. (2) is satisfied by noting that the pressure is a

function only of z. Thus a solution is needed for three
differential equations: motion in the z direction, single-
species continuity, and energy.

The variables in these equations were transformed
from the (r,z) plane to the (17,f) plane. Each physical
variable was assumed to be given by a power series in
f, seeEqs. (ll)-(22).

When such series are substituted into the reduced
boundary-layer equations and coefficients of equal
powers of f are equated, then the resulting sets of
ordinary differential equations may be integrated, and
the unknown functions of 77 may be obtained. We
choose rj and f such that the lowest order set of equa-
tions predicts that flow which is identical with the flow
over a flat plate without a pressure gradient. Then
the higher-order terms in the series yield corrections to
this flat-plate solution; these corrections are attributed
to the effects of the pressure gradient, of the injection
of the gas through the porous wall, and of the curved
geometry of the tube.

The rj and f are defined by

f = 2

(9)

(10)

The four independent variables, reduced tempera-
ture, 0, reduced pressure, p, concentration of injected
gas, c, and stream function, /, are sufficient to deter-
mine the flow field, but introduction of additional de-
pendent variables simplified both the derivation and the
final equations used for machine computations. The
following 12 series are introduced:

T = 6m(r,)r~l

p =

Pc =

x =
pD = dm(r,)tm-1

(12)

(13)

(14)

(15)

(16)

(17)

(18)

(19)

(20)

(21)

(22)

The equations determining the first three orders of
the series solution are:

Zero Order
Momentum

(jJLlWi)' + fiWi = 0

Single-species continuity

1

Energy

^ (XA7)' +M7 +

First Order
Momentum

(23a)

(23b)

= 0 (23c)

-7^ = 0 (24a)

Single-species continuity

-^-(d&y +oc0

Energy

-^-
Pro

= 0 (24b)

2M'

'tfi' +

= 0 (24c)

Second Order
Momentum

i7 + 2/2^2 ' ^2/2' —

; = 0 (25a)

/1;1\ Single-species continuity

Energy
fig*' - /2rg2 - 2/1

/g3 = 0 (25b)

/ + X2V)]' +

3M7

7ft7] + 2 ~k

/^2
/)] = 0 (25c)

The density is related to the temperature, pressure,
and concentration by the relations
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Pi =

P2/P1 = B! - - 1)

(26a)

(26b)

-
Pi

- 1) - (26c)
Pi

The first derivatives, //, /2', and fa', of the stream
function are related to the axial velocity and density
by

(27a)

(27b)

(27c)

Coefficients in the transport-property series of Eqs.
(16), (21), and (22) were obtained from Taylor series
expansions in f with temperature and concentration as
intermediate variables given as follows:

Zero Order

(28)

(29)

(30)

First Order

i = Xi(fc)

(33)

Second Order

^ +
c = 0

^ ^J + (̂
OC/T = 6

(34)

c=0

(35)
c=0

The coefficients in the core-property series, Aiy Bi}
and ti are related to the core-velocity coefficient, yiy by
means of the perfect-gas and isentropic flow relation-
ships as follows:

£o(l + Bmn = Po^r0(l + AnSn)(l + W) (36)

1 + B*r = (1 + AJ*)k (37)

The right-hand side of Eq. (37) is expanded by the
multinomial theorem

(38)

The adiabatic condition for the isentropic core in terms
of the core-property series is

TC + -^ = r,(i + + -(1 + 7^ (39)
Combining Eqs. (38) and (39) and equating powers of
f to zero yields:

[(2-

(40a)

(40b)

• • •xi 'E-*)["!0 k I

+

( 2 - f e ) ,
2 L" " 3

*r= -(* - 1)M0
27!

-(*- 1)M0
2(72 + 7i2/2)

.y% + 7172)

2V.
3

- 1)

/o v^tue;

(41a)

(41b)

(41c)

(42a)

(42b)

(42c)

Boundary Conditions

The boundary conditions on the ordinary differential
equations [Eqs. (23)-(25) ] are obtained as follows: The
core-velocity coefficients, 7$, are determined by evalu-
ating the change in the mass flux along the tube. The
7i become the core-boundary conditions on the bound-
ary-layer velocity functions, wj} which are the asymp-
totic values approached by the boundary-layer vari-
ables at large 77. The core conditions on the tempera-
ture and concentration are also obtained by requiring
that the core and boundary-layer series should have
the same values at the edge of the boundary layer.
Thus for large values of 77:

f l i = 1
7i-it > 2

1 i = 1
tt-i l > 2

(43)

(44)

(45)

The asymptotic values of yf are computed at large
values of 57 and are given by:

7l = 2(flo -

- Mo2)} -

(46a)

(46b)
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73 = - 3) (2 -
(2 -

- 3] + 2/8ro -
4^[M0

27i[(2 - &)Mo2 - 3]/2 +
72(1 - W)]} /(Mo2 - 1) (46c)

The boundary conditions on the velocity and stream
function obtained from the zero slip condition at the
wall and from the known uniform injection rate are:

Wi '= 0

ReDT/2 m = 2
0 m ^ 2

where

ReDl =

(47)

(48)

(49)

The boundary conditions for the single-species con-
tinuity equations are given by Eqs. (50a)-(50c) in
terms of the mass flux of injected gas at the wall. The
mass velocity at the surface, (pw)waii can be prescribed.

(50a)gi' = 0

&' = Sc0 Se

(~l/d1)(d2g2
f ReDl)

(50b)

(50c)

The boundary condition for the energy equations
[(Eqs. (23c), (24c), and (25c)] assuming an adiabatic
wall, is that the temperature gradient at the wall is
zero:

0/ = 0 (51)

Approximations Used for the Evaluation of the
Properties

The specific heats of the components of the binary
mixture vary by less than 1 percent from its value at
300°K over the temperature range found in our prob-
lem. The specific heats of the binary mixtures were
therefore expressed as functions of concentration only,
according to the Gibbs-Dalton law.

Evaluation of transport properties for gas mixtures
presented a much more difficult problem, since little
data exist on the transport properties of binary mix-
tures; therefore the authors relied on predictions of
transport properties from kinetic theory. The first
approximations to transport properties of binary mix-
tures derived from kinetic theory are complex ex-
pressions. Kinetic theory shows that the dimension-
less viscosity and thermal conductivity of a pure sub-
stance have approximately the same variation with
temperature, when the specific heat does not vary
much with temperature. The dimensionless viscosity
was taken to be a product of a quadratic function of the
reduced temperature and a separate quadratic function
of the mass concentration. The dimensionless thermal
conductivity was likewise taken to be a product of the
same quadratic function of the reduced temperature
and of a different quadratic function of the mass con-
centration. Since low-mass concentrations of the
foreign gas were expected throughout most of the
boundary layer in this study, the approximations used
herein were designed to fit the temperature variation
of viscosity for pure air as closely as possible.

The expression pD/T was approximated by a quad-
ratic function of the reduced temperature. Comparison
of the more exact, but more complex, approximations
to the transport properties with our quadratic function
and products of quadratic functions are shown for a
helium-air mixture in Fig. 2.

Vanishing of the Zero-Order
Concentration Function

In this section, the zero-order concentration function
gi will be shown to be zero throughout the boundary
layer for a boundary layer with uniform injection.
Physical reasoning indicates that a constant term in
the concentration series means a finite concentration of
foreign gas in the boundary layer at the initial injection
point, where there is no doubt that foreign gas has not
been previously injected. Mathematically, to show

c* Te««>erature, f

FIG. 2. Comparison of the kinetic theory calculations and the numerical approximations to the values of the transport properties.
—————————— numerical approximation used in computations
- — - — - — - calculated from kinetic theory
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FIG. 3. Variation in recovery factor as a function of modified length Reynolds number, f, for flow over a flat plate and in a tube, with
and without uniform injection of helium. Pressure gradient determined for supersonic flow in a tube.

—— . ^_ __ . —— without pressure gradient) RCDI = — 8
—— . . . . . . —— . . . ^th pressure gradient j
— — — — — — — — — — — with pressure gradient ) Reni = 0
————————————— without pressure gradient)

that the constant term vanishes for the case of uniform
injection, we substitute the series expressions [Eqs.
(ll)-(22)] into the single-species continuity equation
to obtain:

dmg'^m+n~2 = fScbU ~ g^-l)ReDI (52)
The zero-order single-species continuity equation is

obtained by equating the coefficient of f ° to zero

' + (dlgl'Y = 0 (53)

The boundary condition at the wall on the zero-
order single-species continuity equation has been shown
to be (52) gi = 0. Thus the boundary conditions are

= 0 = 0 (54)

If we carry out a step-by-step integration launched
from 77 = 0, we see that the value of gi will be zero at
any point if the value of (di gi)' is zero at the preceding
point, since d\ is finite and (di gi')f is zero at any point
where gi is zero. Thus, since gi is zero at the initial
point, gi must have a constant value; and reference to
the asymptotic boundary condition shows that this
value must be zero. Hence, we need not consider the
zero-order, single-species continuity equation or the
function gi and its derivatives.

Method of Solution of the Ordinary
Differential Equations

The ordinary differential equations [Eqs. (23)-(25)]
were integrated one order at a time starting with the
zero-order equations. Each order uses the solutions
of all preceding orders as coefficients in the ordinary
differential equations. The boundary conditions for
every order except the zero order are also determined

by the solutions of the preceding orders. The zero-
order equations are nonlinear, but all succeeding orders
are linear. The complexity of even the zero-order
equations was so great that a closed form analytical
solution was not considered. A numerical method was
employed to integrate the ordinary differential equa-
tions. A difficult feature of this integration method
arose from the form of the boundary conditions which
were specified both at an initial point and asymptot-
ically at large values of the independent variable.
The method finally selected was that of numerical
integration.

An iterative scheme was used to find the unknown
wall boundary conditions. The values of wit Bit and
gk were chosen at 97 equal to zero in order to start the
integration. In general, the values obtained for wt,
6j, and gk at large rj did not match the core boundary
conditions for any particular set of wall conditions.
An iterative method of interpolation based on several
integrations was used to converge on the correct wall
and correct core boundary conditions.

Form of Solution
The series form of solution to the boundary-layer

equations consists of a major term, namely, the zero
order, plus a series of higher order correction terms.
The zero-order solution describes the boundary-layer
flow over a flat plate without a pressure gradient and
without injection. The sum of the higher-order terms
describes the total changes in the boundary-layer flow
caused by the tube geometry, pressure gradient, and
the injection rate. Rapid convergence of the solution
with respect to higher-order terms justified terminating
the series-type solution with the second-order term.
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FIG. 4. Profiles of reduced axial velocity, reduced static tem-
perature, helium mass concentration, and stagnation temperature
ratio.

The zero-order js-direction momentum equation and
the zero-order energy equation are independent of the
injection rate and of the properties of the injected gas
since the zero-order concentration function vanishes,
as shown above. The solution for tube flow with a
pressure gradient but without injection shows that the
perturbations caused by the curvature of the tube wall
and by the pressure gradient result in small changes
in the velocity and temperature profiles within the
limits of validity of the solution, see Fig. 3. The first-
and higher-order equations, containing the effects of
the injection of gas are all linear; therefore, the method
of superposition of solutions can be used, and only one
solution without injection and one with injection are
necessary in order to obtain solutions for all injection
rates.

Region of Validity of Solutions
The profiles shown in Fig. 4 are at axial locations of

f = 0, and f = 1CT2. The solution at f = 0 is identical
with the Blasius solution with temperature dependent
properties. The solution at f = 10~2 shows why this

value of <r was chosen as the limit of validity of the
solution. At this value of f, the third term in the series
solution amounts to about 8 percent of the total for
typical values in the boundary layer. The contribution
of the third term in the series solution to the values of
the variables at the wall however are of the magnitude
of 1 percent at locations where f is as large as 10 ~2.
The parameters of main concern in this investigation
are the wall values, shear stress, diffusion flux, and
temperature gradient. The series solution was ter-
minated with the third term and therefore the region
of validity was restricted to values of f that are less
than 10~2. At values of f of 10~2 the profiles show
various wiggles at the edge of the boundary layer.
These wiggles do not physically exist, they are mani-
festations of the attempt to obtain a series solution for
a function in a region where it has a small radius of
curvature. In this region of large curvature, the terms
in the series solution alternate sign. When a small
number of terms are used in the series solution irregu-
larities of the order of the last term in the series are to
be expected. This is the reason why the profiles show
bumps which do not exist physically. The stagnation
temperature shows the most irregularities because the
stagnation temperature is computed from other series.
The general trend in the stagnation temperature shows
a real bump at the edge of the boundary layer attribut-
able to the excess of kinetic and thermal energy at
that location due to the difference between the con-
duction and dissipation rates.

The boundary-layer equations are valid only where
the flow remains attached to the wall; this condition
places an upper limit on the injection parameter such
that the flow neither separates nor becomes turbulent.
Experiments by Gouse3 and by Sziklas and Banas4

have shown that the largest injection parameter per-
missible for tube flow and cone flow corresponds to an
injection Reynolds number of about —20. The minus
sign on injection Reynolds number signifies that the
velocity of the injected gas at the wall is away from
the wall. Negative injection parameters correspond
to injection while positive ones correspond to suction.

Results
General

Solutions to the boundary-layer equations for lami-
nar supersonic flow of air in a tube with uniform injec-
tion of gas were obtained with the use of the IBM 704
computer at the Massachusetts Institute of Technology
Computation Center for the following cases: (a) zero
injection, (b) helium injection, (c) air injection, (d)
argon injection, (e) iodine injection, and (f) suction.

For each case, the numerical computations resulted
in profiles of temperature, pressure, concentration of
injected gas, and velocities in the axial and radial direc-
tions. Recovery factor, pressure ratio, and other
parameters were computed as functions of the modified
length Reynolds number, f, and the wall-distance
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parameter ??. All solutions presented are for an inlet
Mach number of 5 and a stagnation temperature of
338.7 K (150 F). Due to space limitations, only the
more interesting results are presented here. For
further details, see Radbill.2 The effects of the pres-
sure gradient and of the tube geometry, for zero injec-
tion, show small changes from the zero-order solution.
The effects of the uniform injection on the velocity and
temperature profiles are likewise small, see Fig. 4.

Results for Helium Injection
The concentration, velocity, static- and stagnation-

temperature profiles for the case of uniform helium in-
jection are shown in Fig. 4. These profiles are at two
sections along the tube; namely, at the inlet section
where the modified length Reynolds number, f, is zero,
and at a section downstream at a value of f equal to
0.01.

Fig. 5 shows the concentration of helium at the wall
as a function of the modified length Reynolds number
for various injection parameters, ReDI. Since the modi-
fied length Reynolds number is proportional to the
square root of the distance from the tube inlet and the
curves in Fig. 5 are almost straight lines, we can con-
clude that the concentration of helium at the wall is
very nearly proportional to the square root of the dis-
tance from the tube inlet. This chart shows the man-
ner in which the foreign gas concentration builds up
along the tube wall with uniform injection.

Fig. 6 shows that uniform helium injection results in
a small increase in the recovery factor along the tube.
Note that an increase in the recovery factor along the
tube occurs with zero injection and is attributed to the
pressure gradient which exists in the tube and the
closing of the boundary layer on the isentropic core.
The predictions shown in Fig. 6 agree qualitatively
with experimental values found by Gouse3 for uniform
injection. The present analysis predicts that the re-
covery factor should increase from 0.86 to 0.90, a 4 per-
cent increase, at the end of the test section used in

J!

c 0.05 —

.3 0.90 —

O.85"

FIG. 5. Wall concentration of helium for uniform injection.

FIG. 6. Recovery factors for flow in a tube with uniform injection
of helium. Pressure gradient determined by the flow.

Gouse's experiments; however, Gouse has found only
a 1 percent increase in the recovery factor at the end
of his test section. Experiments by Leadon and
Scott5 for a different geometry and a different injection
method, have shown an initial increase of about 10
percent in the recovery factor for small rates of helium
injection followed by a decrease in recovery factor of
the same amount for larger injection rates. Although
Leadon and Scott's experiments were conducted with a
different injection method and for a different geometry,
their recovery factor measurements exhibit the same
directional trends as the present predictions.

The approximations used to obtain the transport
properties of the helium-air mixture are the most
probable explanation of the 5 percent difference be-
tween the uniform injection theory for helium and the
experiments. Solutions to the laminar compressible
boundary-layer equations are sensitive to the values
of the transport properties. The effect of uncertainty
in the approximations used to calculate the transport
properties was studied by obtaining additional analyti-
cal solutions. These solutions employed arbitrary
variations in the values of the thermal conductivity
and viscosity of the helium-air mixture. The vis-
cosity and thermal conductivity of the helium-air mix-
ture were varied by 5 percent at a helium concentration
of 0.20. There was no arbitrary change made in either
the approximation to the diffusion coefficient or the
viscosity and thermal conductivity of the pure air
since the values used to approximate these properties
agreed excellently with experimental data. These
arbitrary variations were accomplished by changing the
coefficients in the quadratic functions which expressed
the dependence of the transport properties in the con-
centration of helium, see Fig. 7.

A decrease in the viscosity made by the above kind
of variation of the concentration dependence of the
viscosity of the helium-air mixture resulted in a de-
crease of the recovery factor by about 1.5 percent at a
f of 0.02 and for an injection rate corresponding to a
value of RCDI = —8. An increase in the thermal



156 FREEDMAN, RADBTLL, AND KAYE AIAA JOURNAL

0.90

• O.8S

i.o 2.0

I0

FIG. 7. Variation of recovery factor along the tube for various
modifications of the approximations to the transport properties
of the binary mixture, Reni = — 8.

————————— original values
—---- - - - modified viscosity
— — — — — modified thermal conductivity
— ...... — ... no injection reference
. . . . . . . . . . . . modified viscosity and thermal conductivity

conductivity, in the same manner, resulted in a de-
crease in the recovery factor by 2 percent at a f of
0.02 and for an injection Reynolds number of —8.
The combined effects of both of these variations in
properties resulted in a 4 percent decrease in the re-
covery factor at the same location for the same injec-
tion rate. It is apparent that accurate predictions of
the adiabatic wall temperature in a compressible lami-
nar boundary layer of a multicomponent fluid requires
accurate detailed knowledge of the temperature and
concentration dependence of the transport properties
of the mixture.

Discussion of Results for Helium Injection
The reason why helium was studied is that a helium-

air mixture has transport properties which appear to
be favorable for the alleviation of the high-surface
temperatures encountered in aerodynamic heating.
Previously Eckert, Schneider, Hayday and Larson6

and Baron7 have claimed that, on the basis of similarity
solutions, if the rate of injection is proportional to
z~l/2 and if the boundary-layer approximations to the
Navier-Stokes equations are valid with the accompany-
ing infinite injection velocity at the leading edge,
then such injection of helium should result in a large
lowering of the adiabatic wall temperature. To at-
tain such a lowering of the adiabatic wall temperature,
the fluid in the region near the wall must have a Prandtl
number which is substantially lower than that of either
pure air (0.71) or pure helium (0.69). Calculations by
Gouse3 and by Sziklas8 and experiments by Eckert,
Ibele, and Irvine9 have shown that the Prandtl num-
ber of a helium-air mixture goes through a minimum
of 0 46 at a mass concentration of about one quarter.

Analytical and experimental investigations have
shown that the recovery factor in a laminar boundary
layer without mass transfer is very nearly equal to the
square root of the Prandtl number. The Prandtl
number is characteristic of the ratio of the effects of
viscous dissipation to heat conduction. The greater
the Prandtl number, the larger is the ratio of viscous
dissipation to heat conduction, and hence the greater
the adiabatic wall temperature. We should therefore
expect that in a boundary layer with mass transfer
when there is a low Prandtl number, the recovery factor
would be lower than for a pure air boundary layer.
This is what the similarity analyses of Eckert, Schnei-
der, Hayday, and Larson6 and Baron7 show. How-
ever, experiments by Gouse,3 Scott, Anderson, and
Elgin,10 and Gouse, Brown, and Kaye,1 have failed
to find this large lowering of the adiabatic wall tem-
perature.

The present analysis has found that when helium is
uniformly injected into a laminar boundary layer, the
recovery factor initially increases, and after a sufficient
amount of helium has been injected, later decreases.
The eventual decrease in the recovery factor occurs
when there is enough helium in the boundary layer to
lower the Prandtl number of the mixture over a sig-
nificant portion of the boundary layer. The initial
increase in the recovery factor which accompanies the
injection of helium is attributed to the high specific
heat of helium.

In order to maintain the boundary condition of zero
heat flux through the wall at every section along the
tube, we must inject the transpiration gas into the
boundary layer at the local recovery temperature. As
the injected gas diffuses away from the wall, it is ac-
celerated by the shear stresses present in the boundary
layer. Since the difference between the stagnation
and static temperatures is V2/2gcp, helium, because of
its larger cp will experience a smaller drop in tempera-
ture when it diffuses away from the wall than would
an equal mass of air, assuming adiabatic acceleration.
The injection of a gas with a high specific heat into a
boundary layer, composed of a gas with a low specific
heat, results in the raising of the temperature of the
gas mixture at locations in the boundary layer where
there is a substantial amount of the injected gas. The
various stream tubes in a boundary layer, however,
are not in adiabatic flow, but as the Prandtl number is
of the order of unity, we know that the effects of vis-
cous dissipation and heat conduction are of the same
order of magnitude. As long as we neglect the differ-
ences between the rates of viscous dissipation and heat
conduction in the binary gas boundary layer as compared
with a single-component boundary layer, we see that
injection of a gas with a specific heat higher than that
of the gas in the boundary layer results in a higher
temperature in the region where there is an appreciable
amount of the injected gas, as compared with zero
mass transfer conditions. As a result of this diffusion,
acceleration, and mixing process, we find a higher
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average temperature profile across the boundary layer
downstream of an injection station where a gas with a
specific heat, which is larger than that of the free-
stream gas, has been injected. This increase in average
temperature must also result in an increase in the
adiabatic wall temperature downstream from the in-
jection location. Thus we see that if the sole effect
on the gas in the boundary layer caused by the injection
of gas was due to the specific heat of the injected gas,
then injection of helium would result in an increased
recovery factor.

The purpose of this explanation has been to describe
how injection of a light-weight gas could increase the
adiabatic wall temperature. The numerical solutions
to the boundary-layer equations for uniform injection
of helium show such an increase in the adiabatic wall
temperature.

The series which was used to evaluate the adiabatic
wall temperature consists of three terms. This series
is a quadratic function of the modified length Reynolds
number, f. The constant term is the zero-order solu-
tion. The first-order coefficient in the series is posi-
tive, and the second-order coefficient is negative for the
case of helium injection, showing that an effect of helium
injection is to initially increase the adiabatic wall
temperature and later to reverse this trend. At the
initiation of injection, the effect of the high specific
heat dominates. When there is enough helium in the
boundary layer to alter the transport properties, then
the effects of the lower Prandtl number of the gas
mixture and the reduced velocity gradient become more
important, and the adiabatic wall temperature there-
after decreases. Solutions were therefore calculated
for gases of lower specific heats (argon and iodine).

thermal conductivity) properties of the gas in the
boundary layer. The velocity, temperature, and con-
centration profiles across and along the tube show the
same type of changes with helium injection as with
injection of the other gases.

Inasmuch as the analytical results for air and for
argon injection showed excellent agreement with ex-
perimental results, an attempt was made to find a
more desirable substance for injection. The high
molecular weight of iodine implies a low specific heat.
Iodine also has a comparatively small size for its
large molecular weight, indicating as favorable trans-
port properties as could be expected for a molecule of
this weight. A solution for iodine injection was com-
puted, and Fig. 8 shows the extent to which reductions
in the recovery factor are predicted. The relative im-
portance of the specific heat can be clearly seen.

The computed results for argon and iodine both
show a decrease in the recovery factor with injection.
The specific heat of argon is about one-half that of
air, and its molecular size is about 5 percent smaller
than that of a typical air molecule. Inasmuch as the
molecular weight is one-third greater than that of air,
we can see that the viscosity and thermal conductivity
of argon will not be favorable for the reduction of aero-
dynamic heating. However, argon has a low specific
heat. The resulting recovery factor for argon injec-
tion shows a lowering of the adiabatic wall temperature.
This lowering of the recovery factor is small (about 1
percent at the limits of validity of the analysis), but
has been found experimentally by Gouse3 and Gouse,
Brown, and Kaye.1 Gouse's experiments showed that
helium injection increases the recovery factor, that air
injection (nitrogen was used experimentally) lowers

Results for Other Gases

Solutions to the boundary-layer equations for the
uniform injection of a gas into a supersonic stream in a
tube were obtained for the cases of air, argon, iodine,
and for suction. The results are shown in Fig. 8 for
the case of ReDl = — 8. These solutions are only the
sum of the first two terms of the series solution as the
second-order perturbation terms in the helium solution
amount to small changes in the physical results in the
region of validity. In order to be able to separate the
effects of changing the properties of the fluid in the
boundary layer from the effect of the general thickening
of the boundary layer by the injected gas, solutions for
air injection and suction were computed.

The suction solution shown in Fig. 8 shows an in-
crease in recovery factor. This increase reflects the
fact that suction causes a thinning of the boundary
layer and an increase in the velocity gradient which re-
sults in an increased rate of viscous dissipation. Con-
versely, the air-injection solution thickens the bound-
ary layer, reducing the velocity gradient and decreasing
the rate of viscous dissipation. In both of these cases
there are no effects caused by variations in thermo-
dynamic (specific heat) or transport (viscosity and
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FIG. 8. Variation in recovery along the tube for injection of vari-
ous gases, Reni = — 8, and suction Reni = +8.

————————— helium injection
— - . . - - . . - - suction (ReDi = +8)
— ...... — . . . . no injection reference
—-------- air injection
. . . . . . . . . . . . . argon injection
— • —- • — • — iodine injection
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the recovery factor, (1/4 percent), and that argon
injection lowers the recovery factor further, (1/2
percent).

The results of this study have shown how slight vari-
ations in the dependence of the transport properties
of the gas in a high-speed binary boundary layer can
affect the recovery factor. Recent work by Tewfik
and Eckert12 and Baron13 have shown that the omission
of the thermal diffusion term in the diffusion and energy
equations can result in incorrect recovery factors for
boundary layers with mass transfer. The work of
Tewfik and Eckert, and Baron supports one of the con-
clusions of this work, that seemingly second-order
effects must be included in order to obtain accurate re-
sults. The recovery factor is very sensitive to the
variations of the transport properties with the gas
concentration. Precise values of the transport prop-
erties, including the thermal diffusion coefficient, are
required for an accurate computation of boundary-
layer transfer rates. Inclusion of the thermal diffusion
terms with approximate values of transport properties
for studies beyond those of Tewfik and Eckert13 and
Baron13 seems unwarranted.

Conclusions
A method has been developed for computing the

effects of the uniform injection of foreign gas into the
laminar boundary layer of a compressible gas. The
method has been applied to the injection of various
gases into the boundary layer which is found in a uni-
form tube in which there is a supersonic flow of air.
Results have been obtained for the injection of helium,
air, argon, and iodine vapor. These results show a
general trend which indicates that uniform injection of
helium will initially increase the recovery factor and
will, when continued to be injected uniformly, sub-
sequently reduce the recovery factor. Air injection
lowers the recovery factor slightly as does argon
(slightly more). A marked decrease in the recovery
factor is found in the case of the uniform injection of
iodine vapor. The helium, air, and argon results ex-
plain the experimental results of Gouse, Brown, and
Kaye,1 which cannot be explained in terms of the
analytical results of the similarity theory.11 Compari-

son with the results of similarity theory indicate similar
directional trends for the variations with molecular
weight.
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